TRIVIALITY OF A TRACE ON THE SPACE OF COMMUTING 
TRACE-CLASS SELF-ADJOINT OPERATORS 



SUNG MYUNG 

Abstract. In the present article, we investigate a possibility of a real-valued 
map on the space of tuples of commuting trace-class self-adjoint operators, 
which behaves like the usual trace map on the space of trace-class linear op- 
erators. It turns out that such maps are related with continuous group homo- 
morphisms from the Milnor's A*-group of the real numbers into the additive 
group of real numbers. Using this connection, it is shown that any such trace 
map must be trivial. 



1. Introduction 

Let H be a Hilbert space whose elements represent physical states. In quantum 
mechanics, observables are represented by self-adjoint linear operators on H and 
they are simultaneously measurable without deviation if the corresponding oper- 
ators commute. This practice gives us a reason to study commuting self-adjoint 
operators on a Hilbert space. 

A trace-class operator on a Hilbert space is a bounded linear operator for which 
a trace is well-defined ([3]). The space of such operators are important also because 
it enjoys a duality with the space of bounded linear operators because, for a given 
bounded linear operator T on H , we obtain a continuous linear functional on the 
space of trace-class operators defined by A \— ► Tr (AT) . For such a class of operators, 
the trace map is one of the most important invariants we may think of and so we 
may ask if it can be generalized to tuples of commuting operators. 

Let Xi be the collection of Z-tuples of commuting self-adjoint trace-class linear 
operators on some Hilbert space H. Each element of Xi can be represented by 
a symbol (A±, . . . ,Ai, H), where A±, . . . , Ai are commuting self-adjoint trace-class 
operators on some Hilbert space H. It becomes a monoid if we define the addition 
by the rule (A u . . . , A h Hi) + (B x , . . . , B h H 2 ) = {Ax ® B u . . . , A t 8 B h Hi ® H 2 ). 
There exists a natural projection map from Xi to the set of Hilbert spaces and, 
for each fixed H, the set (Xi)h of Z-tuples of commuting trace-class self-adjoint 
operators on H, i.e, the 'fibre over H ' can be equipped with a structure of a real 
Banach space, whose topology is used in this article even though the component- 
wise addition will not be considered. Xi will be called the space of commuting 
trace-class self-adjoint operators in the present article. 

When I = 1, we have the usual trace map Tr : X\ — ► R. It is well-known that 
the trace of a trace-class operator is equal to the sum of its eigenvalues repeated 
according to their multiplicities ([I]). We ask whether there exists a 'trace' on Xi 
for I > 2. 

Definition 1.1. A monoid homomorphism ip from Xi into the additive group R of 
real numbers is said to be a trace map if the following three conditions are satisfied: 



(i) For each fixed Hilbert space H, the restriction of ip on each fibre (Xi)h is 
continuous. 

(ii) tp is additive, that is, for arbitrary commuting self-adjoint trace-class operators 
Ax, ■ ■ ■ , Ai, B on a Hilbert space H , we have 

ip(Ax, Ai-i, A + B, Ai +1 , ...,A U H) 
= i/>(Ai, Mx,M A i+l , ...,A h H) + ip(Ax, A^x,B, A t+1 , ...,A h H) 

(Hi) If h : Hi — > H 2 is an isomorphism of Hilbert spaces, then i/)(Ax, ■ ■ ■ ,Ai,Hx) = 
iP(hA 1 h- 1 ,...,hAih- 1 ,H 2 ). 

(iv) If we have commuting Ax(t), .. . ,Ai(t) £ GL n (M.[t]) such that Ai(0) and Ai(l) 
are positive-definite symmetric matrices, then we have 

V>(log Ax(0), . . . ,log M0),C n ) = Tp(logAx(l), . . . ,log Ml),C n ). 

The reason behind the condition (iv) is that a trace should be realized from 
a determinant through the exponential function and a determinant of commuting 
invertible operators should be invariant for a polynomial homotopy, i.e., an Z-tuple 
of commuting invertible matrices with polynomial entries. The logarithm of a 
positive-definite symmetric matrix A is given by S(logD)S~ 1 , where D is diagonal 
matrix with positive real eigenvalues, S is the orthogonal matrix of corresponding 
eigenvectors and log is the natural extension of the usual real- valued logarithm. 

We note that the conditions (Hi) and (iv) are automatically satisfied if we require 
the following much stronger condition: 

(Hi') We have ip(A t , . . . , A h H x ) = ip(Bx, . . . , B u H 2 ) whenever Tr(A t ) = Tr(B { ) 
and Hi Si H 2 for every i = 1, . . . , I. 

If (in 1 ) holds, then since the determinant of Ai(0) is equal to the determinant of 
Ai(l) for every i, the trace of log A(0) is equal to the trace of logAj(l) for every I 
and thus we must have 

V>(log ^(0), . . . ,log MO), H ) = V-(log ^(1), . . . ,log Ml), Hi). 

Under this definition, we show that any trace map if) on Xi must be identically 
when I > 2. The result may seem rather discouraging, but we hope that the use 
of Milnor's if -theory and related tools may be useful in some constructions in the 
theory of linear operators. 

2. Milnor's ^-theory and the Goodwillie groups 

We define the Milnor's if-group Kf 1 (k) of a field k as follows ([5]): 

Definition 2.1. The l-th Milnor's K-group Kf 1 (k) is the additive quotient group of 
the tensor product (k x )® = k x (3 k x (8> ■ • ■ <8> k x (l-times) by the subgroup generated 
by the elements of the form ax ® ■ • ■ ® <Zj (8 • • • <8> dj <8> • • • <8> ai £ (fc x )®' where 
ai + <Zj = 1 for some 1 < i < j < I. We denote by {oi, a 2 , . . . , a{\, called a Milnor 
symbol, the image of ai €5 a 2 ® ■ • ■ (£> a; £ (k x )® 1 in Kj vI (k). 

In particular, K^(k) is isomorphic to the multiplicative group k x of nonzero 
elements, but the group operation is written additively, e.g., {«} + {&} = {ab}. Also, 
we have {ab, c 2 , . . . , q} = {a, c 2 , . . . , q} + {b, c 2 , . . . , q} in K^(k) by the definition. 

On the other hand, for a finite dimensional fc-vector space V, let GL(V) be the 
general linear group which consists of invertible fc-linear operators on V. Then, the 
Goodwillie group GWi(k) of k is defined as follows ([6]): 
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Definition 2.2. GWi(k) is the abelian group generated by l-tuples of commuting 
operators (A±, . . . , ^4;) (A\, . . . , Ai G GL(V) for various finite dimensional k-vector 
space V , subject to the following four kinds of relations. 

(i) (Identity Operators) (A\ 1 . . . ,A{) — when Ai for some i is equal to the identity 
operator I £ GL(V). 

(ii) (Similar Operators) (A%,...,Ai) — (SAiS^ 1 , . . . , SAiS^ 1 ) for any isomor- 
phism S : V^W of k-vector spaces. 

(Hi) (Direct Sum) When V and W are finite dimensional k-vector spaces, 

{A 1 ,...,A l ) + {B 1 ,...,B l ) = (A l ®B 1 ,...,Ai®Bi) 

for commuting A\, . . . , A\ 6 GL(V) and commuting B\, . . . , Bi G GL{W). 
(iv) (Polynomial Homotopy) (Ai(0), . . . , ^4;(0)) = (Ai(l), . . . , ^4z(l)) for commuting 
automorphisms Ai(t), . . . , Ai(t) of a free module of finite rank over in k[t], where 
k[t] is the polynomial ring over k with the indeterminate t. 

In the above definition, note that we may choose only one vector space V from 
each class of isomorphic vector spaces to resolve any possible set-theoretic problem. 
A similar remark could have been also applied during the construction of our monoid 
Xi. It is shown in [8] that GWi(k) is isomorphic to the motivic cohomology group 
H l M (Speck,Z(l)). It is one of the most important theorems in algebraic if-theory 
that K^(k) is isomorphic to H l M (Spec k, (|7|). More precisely, in [6], it is 

shown that the assignment which sends a Milnor symbol {ai, . . . , a;} to (01, . . . , a;), 
where is considered simply as 1 x 1-matrix in each coordinate, gives rise to an 
isomorphism Kf 1 (k)^GWi(k). 

For k = R, the field of real numbers, it is known that /^(R) is isomorphic 
to Z/2 © U, where Z/2 is generated by the Milnor symbol { — 1, .... —1} and U 
is a uniquely divisible abelian group (14 ). A Milnor symbol {a\, . . . ,a;} belongs 
to U if at least one of a%, . . . , a; is positive. In such a case, the element can be 
written as {61, . . . , bi} where all 61, . . . , bi are positive. Accordingly, we may write 
GW ; (R) = U' U (GWi (R) - U') as a set, where U' = U is the subgroup of index 
2 in GWi(M), which is generated by the Z-tuples of commuting positive-definite 
symmetric operators. 

3. Triviality of a trace map on the space of /-tuples of commuting 
self-adjoint linear operators 

Let X[ be the space of /-tuples of commuting self-adjoint trace-class linear oper- 
ators on some Hilbert space H as defined in Section [TJ 

Theorem 3.1. For I > 2, there does not exist a nontrivial trace map from the 
space Xi into R as in Definition ll. 1\ 

Proof. We define Yi be the submonoid of Xi consisting of the symbols ( A\ , . . . , A\ , H ) 
where H is finite dimensional. Then Yi is dense in Xi and any trace map i/ionX;, 
when restricted to Yi, induces a monoid homomorphism on Yi which, denoted by 
V>|y;, enjoys the properties (i) — (iv) of Definition ll.il in case of finite dimensional 
iTs. 

Now let Pi be the monoid whose elements are the symbols ( A\ , . . . , Ai , V) where 
A\ , . . . , Ai are commuting positive-definite symmetric linear operators on a finite 
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dimensional real vector space V , where the addition is given by 

{A\,...,AuV\) + (B 2 , ...,B l ,V 2 ) = (A 1 (BB 1 ,...,A l ® B U V X ® V 2 ) 

whenever it makes sense. 

Then there is an obvious monoid homomorphism Pi — > U' whose image generates 
U' as a group. In fact, this map is even surjective ([BJ). 

We define the map log : P, -> Yj by log(A x , ...,A U V) = (log Ai, \ogA h V c ), 
where log is chosen to take values in real symmetric matrices. 



Y, 




U' 



If ip\Y, ■ Yi — > R is the restriction of a given trace map, then the composite 
ip\Yi ° log : Pi — ► M induces a continuous homomorphism from the the subgroup 
U' of GWi(M.) into the additive group K of real numbers since the four relations 
(i)-(iv) in Definition 12.21 are carried to a subset of the relations in Definition 11.11 
under the map log : P; — > Yj. 

But, Theorem A.l. of [5 shows that any continuous homomorphism from [/' = 
[/ C (M) into K should be trivial when I = 2. The argument there can be easily 
generalized for I > 3 and accordingly we conclude that the induced map U' ^ Yi 
is trivial. Thanks to the existence of a simultaneous spectral resolution, for any 
(A\ , . . . , Ai , H) € Yj , there exists some {B\ , . . . , Bi , C n ) in the image of the log map 
log : Pi —> Yi such that the operators (Ai, . . . , Ai) and (Pi, . . . , Bi) have the same 
joint spectrums when counted with multiplicities. Therefore, by Definition ll.il fizz), 
we conclude that ip\Y t — on Y,. Consequently, tp = on the whole Xi since Yj is 
dense in X;. □ 
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